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WHEN IS  A STOKES LINE NOT A STOKES LINE? 
by Philip John Langman 
During the course of a  Stokes  phenomenon,  an asymptotic expansion can 
change its form  as  a  further series,  prefactored by an exponentially small 
term and a  Stokes  multiplier,  appears in the representation.  The initially 
exponentially small contribution may nevertheless grow to dominate the be-
haviour for other values of the asymptotic or associated parameters. 
We  introduce the concept of a higer order Stokes phenomenon, at which 
a Stokes multiplier itself can change value.  We show that the higher order 
Stokes  phenomenon can  be used  to explain  the apparent sudden birth of 
Stokes lines at regular points, why some Stokes lines are irrelevant to a given 
problem and why it is  indespensible to the proper derivation of expansions 
that involve  three or more possible asymptotic contributions.  We  provide 
an example of how the higher order Stokes phenomenon can have important 
effects on the large time behaviour of linear partial differential equations. 
Subsequently we apply these techniques to Burgers equation, a non-linear 
partial differential equation developed to model turbulent fluId flow.  We find 
that the higher order Stokes phenomenon plays a major, yet very subtle role 
in the smoothed shock wave formation of this equation. perasymptotics give exponential accuracy over a  Poincare approximation, it also 
culminates in an exact remainder term. 
It is the hyperasymptotic techniques developed by, in particular, Berry & Howls 
and Olde Daalhuis that leads to the main result of this thesis, which we have called 
the Higher Order Stokes Phenomenon.  This occurs across a Higher Order Stokes 
curve, and changes the potential for  a regular Stokes phenomenon to occur.  This 
is  a subtle effect,  and we  show that as  a result, initially sub-subdominant terms 
(those which might normally be neglected in an asymptotic approximation) can 
grow  to dominate the behaviour of some  asymptotic expansions, the neglect of 
which would lead to incorrect assumptions about the long-term behaviour.  This 
is a general result which is  not only confined to the examples we have chosen. 
The layout of the thesis is as follows. 
Chapter 2  will  give  a  brief historical summary of asymptotic analysis.  We 
will  begin by looking at infinite series.  We  will  summarise  Dingle's philosophy 
regarding divergent series,  and via a theorem due to Darboux we will see that in 
general, the late terms of a divergent series have a general form of a factorial over a 
power.  Knowledge of the form of the late terms leads to the development of optimal 
truncation, which allows the truncation point of an asymptotic series to vary.  This 
provides an advantage over Poincare's asymptotic series which has strictly fixed 
truncation points.  By allowing the truncation point to vary,  exponential accuracy 
can be achieved over a Poincare asymptotic series truncation.  We define the Stokes 
phenomenon and explore its relevance through the Airy function Ai(z).  We show 
how the explicit inclusion of exponential terms in an asymptotic approximation 
("exponential asymptotics") can make calculations simpler,  and we  compare this 
approach with matching techniques.  We  show how a  "ladder"  of exponentials is 
necessary to improve the accuracy of an approximate solution to boundary layer 
ODEs,  which  often leave  one  boundary condition only  approximately satisfied. 
We review hyperasymptotics, and introduce the notion of the Borel plane; a vital 
technique used throughout the rest of the thesis. 
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Figure 2.10:  The Stokes phenomenon as  seen from  steepest descent plots and simul-
taneously in  the Borel  plane.  (i)  The steepest descent  plot shows  saddle 0  is  the only 
contributing singularity.  In the Borel plane we  see  the branch cut emanating form  0 ac-
cordingly.  (ii)  A Stokes phenomenon occurs between saddles 0 and 1.  This is signified in 
the Borel plane by saddle 1 crossing the cut from  O.  (iii)  Since they are adjacent, saddle 
1 'drags'  on  the cut from  saddle 0 as  it passes  through,  introducing a  new  asymptotic 
contribution. 
32 and understanding the adjacency of a singularity can be critical to understanding 
the underlying behaviour of a problem. 
We  have reviewed  the development of the continually improved accuracy of 
asymptotic techniques.  Has everything been studied, and is  everything well un-
derstood, or is there perhaps some surprise still left to be found?  The next chapter 
shows that the answer to this last question is  yes;  indeed we  do discover a subtle, 
but general, new result. 
39 Figure 3.1:  The Stokes curves in the a-plane and the steepest descent contours of inte-
gration  in the integrand z-plane passing over saddles 0, 1 and 2 for  selected values ai for 
integral (3.3).  The dashed Stokes line passing through ag is  active,  but irrelevant to the 
function defined by the integral. 
43 may well produce similarly interesting results.  Further to this, and inspired by the 
work of [67],  it may be possible to extend the work on Burgers' equation to more 
general non-linear terms, and could potentially go some way to resolving some of 
the outstanding issues we  have highlighted in this last chapter. 
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